FEM Dr. T.N
BASIC ELASTICITY EQUATIONS

The majority of the literatures on the FEM treat problems in structural mechanics and hence the
study and application of FEM requires a sound knowledge of elasticity equations of an elastic
body. Therefore, in the following sections some of the elasticity equations, which are essential
for the derivation of FEM formulations, are derived.

1. Body force and Surface force:
Consider a 3 — D body in a rectangular co-ordinate system x, y z as shown in Fig. 1. In general
the body will subjected to two types of forces namely (1) body force and (2) surface force.

X

Fig. 1: 3 — D body subjected to body and surface forces

1. Body force: The body force acts on each volume element of the body and is expressed as
force per unit volume (N/mm?®). The examples of this kind of forces are the forces due to weight
of the body, centrifugal forces, gravitational force etc.

The body force per unit volume in x, y and z direction is as shown in Fig. 1 and is given by

=1 rf

2. Surface force: The surface force acts on a surface or area element of a body and is
expressed as force per unit area (N/mm?). The examples of surface forces are distributed force,
contact force and action of pressure inside and/or outside the cylinder, etc. The surface force
which is also called as traction is as shown in Fig. 1 and is given by

{T}:{Tx Ty TZ}T

Aload P, acting at any point i’shown in Fig.1 is also surface force.

2. Rectangular stress components:
Consider a rectangular element obtained by cutting a body by three mutually perpendicular

planes (x-plane, y-plane and z-plane) as shown in Fig. 2. The following normal and shear stress
components act on this element.

Oy,Ty Ty, - ONX-plane
Ty,0y,Ty, ---ONny-plane
Ty»Ty»0,  ---ONnz-plane
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The plane perpendicular to x-axis is termed as x-plane and that perpendicular to y- and z- axis
is termed as y and z plane respectively.

The above stress components acting on rectangular element are shown in Fig.2. Therefore the
state of stress at any point within the body can be represented in the form matrix as

(o} T T

x xy Xz
lo]=|7 w Oy Ty
Ta Ty O

Further, for the equilibrium of the element, it can be shown that

T T T, =7, and Ty =Ty

Therefore, the nine components of state of stress can be reduced to six components. They are

{G}:{O-x Oy, 0, Ty Ty, Ty

Xy:

Ay Aoy

n ‘__;‘(‘Txy
o ‘_____,;‘ri 1sz 1’ %_,__ya'x

7
‘ Zx | xz
U

z
Fig. 2: stress components acting on rectangular element

Thus it is required to determine only six components of stresses for a 3 — D deformable body.
Note: In the designation of the shear stress, the firest 1" subscript X’ indicates the plane on
which the stress acting and the 2™ subscript ‘y’ indicates the direction of the component. For

example ‘t,, ' is the shear stress on x-plane in y-direction and ‘z .’ the shear stress on x-plane
in z-direction and so on.

3. Equilibrium Equation:

The deformable body is subjected to external forces and a set of internal forces developed due
to deformation of the body. The external forces may be due to (i) body forces due to weight of
the body, centrifugal forces, etc. that acts within the boundaries of the body and expressed as
force per unit volume and (ii) surface forces which acts on the boundary surface of the body
expressed as force per unit area of the surface. The equilibrium equation relates these external
forces with the internal forces.

1. Equilibrium equation for a body subjected to body forces:

Consider an elemental volume of sides dx,dy and dz as shown in Fig.3. The general state of

stress and their variation from point A to A' is as shown in Fig. 3. For equilibrium of elemental
volume all the forces in x, y, and z directions should be individually zero.
Therefore, sum all the forces in x — direction and equate them to zero, we get
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Fig. 3: Equilibrium of elemental volume

00, 0T, A7,
-o,dydz+| 0, +¥dx dydz =7 dxdz +| 7, +Wdy dxdz — 7, dxdy +| 7, +8—de dxdy

+ fdxdydz =0

00 o7 yx
_ O'X%dz + o%dydz + E)xx dxdydz — T}édxdz + ryﬁxdz + % dydxdz — Tz/dxdy
0
+ 7 fdady + 92 rdndy + fodxdydz = 0
0z
do, 0Ty, Ot
+ +—=+f,=0 ---(1
ox dy 0z I )

Following the same procedure, we can sum the forces in y and z direction and get the following
equations
Jdr,, do, 0T

D h =0 (2
8x+8y+8z+fy @
0
97 | 0%y | 90, +f, = —--(3)
ox dy )
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In the above equations f,,f, and f, are the body force components along x, y and z

directions.

Three more remaining conditions for equilibrium are the moments about the axis x, y and z are
individually zero. Therefore, taking moments about the axis x, y and z it can be shown that

Thy = Tyxs Ty =Tyand 7, =7,

2. Equilibrium equation for a body subjected to surface forces:

Consider an elemental tetrahedron ABCD on the surface (boundary) of a solid as shown in
Fig.4. Let T,,T,, and T, be the components of surface forces (force per unit area) acting on the
inclined surface ABC.

For the equilibrium of Tetrahedron, the sum of all forces in x, y and z directions must be
individually zero.

Therefore, sum all the forces in x-direction and equate them to zero, we get

-0, Area BCD -7, Area ACD-7,, Area ABD+T7, Area ABC=0 ---(a)

But, Area BCD = Projected area of ABC on x-plane = dA *1 ---(i)
Area ACD = Projected area of ABC on y-plane = dA*m  ---(ii)
Area ABD = Projected area of ABC on z-plane = dA*n  ---(iii)

Where, dA is the area of inclined plane ABC and [.m,n are direction cosines and are given by
[=Cosb,; m=Cos6, and n=Cosb,.

Where, 6,.6,,0, are the angles of inclination of plane ABC with x, y and z planes respectively.
Substituting Eqgns (i)-(iii) into Eqn. (a) and rearranging we get

oJl+r,m+t,n=T, ---(1)
Similarly, for the equilibrium of tetrahedron in y and z directions, we can write
Tyltoym+t, ,n=T, --(2)
T+t ,m+on=T, ---(3)

The above Egns. (1) to (3) are also termed as ‘boundary conditions’ and they must satisfy on
the boundary of the body.

Surface area, dA

7

Fig. 4: Elemental Tetrahedron
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4. Stress — Strain Relation or Constitutive Relation:

The stress — strain relation for an isotropic linear elastic material can be obtained from the
generalized Hooke’s law. For an isotropic material, the two material properties namely Young’s
modulus ‘E’and Poison’s ratio ‘ £’ are required to describe the stress — strain relation.

Consider a elemental cube inside a body. The strains in x, y and z directions can be expressed
as

(o} o o
e =—x_,y Y _ 7z —(1
x T TH TR (1)
Gx Gy O-z
E, =X +——u——* (2
y STH TR (2)
o Oy ©O
E =— _X _ _+_Z _—_ 3
I e )
and shear strains as
T 2(1+ E
7/xy — Xy — (—;u),z.xy ___(4) G =
G E 21+ )
Tye _ 201+ 1)
y
O -
T, 200+ u)
= = = T - 6
Vo =7 P (6)
The above equations can also be written in matrix form as
£, 1 —u —u 0 0 0 |fo,
£, -u 1 —u 0 0 0 o,
e 1j—pu —pu 1 0 0 0 o,
Yo| E| O 0 0 20+p 0 0 Ty
7y 0 0 0 0 2(1+ ) 0 Ty,
Vox | 0 0 0 0 0 20+ ) || 75,

In short form
{e}=Iclo} --(A)

The above equation relates stress with strain i.e. if six components of stresses are known then
six components of strains can be determined from the above equation. It can also be possible
to relate the strain with stress by solving Eqns. (1) to (6) and is expressed as

M-u u U 0 0 0
Oy -y u 0 0 0 x
oy U u  1-u 0 0 0 €y
ol E | o o o 4220 0 z
ixy (I+mA-2u) . . . . (1-2) . ;:xy
yz 2 vz
= O 0 0 0 0 (1_—22”) Vax

In short form
{o}=[DKe} ---(B)

where, matrices C and D in Eqgns. (A) and (B) are called as constitutive or material or elasticity
matrix. The matrix C in Eqn. (A) relates stress to strain and matrix D in Eqn. (B) relates strain to
stress and these matrices are square, symmetric matrices.
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5. Strain — Displacement Relations:

v

W g o P
y dy

dy

X .

Fig. 5: Deformed eblkemental surface

Consider a plane ABCD before loading as shown in Fig. 5. As a result of loading, the plane
occupies the position and shape as shown.

By definition, the normal stress is the ratio of change in length to original length. Therefore, the
strain in x — direction is given by

u+a—udx—u 3

e = Change in length ox _ou (1)
Y Original length dx ox
Similarly,
v
£y =— --(2)
dy
ow
£, =— ---(3)
dy
The shear strain is defined as the amount of change in right angle of plane. Therefore,
ou dv
=—+— --(4
Ve dy Ox @
dv  dw
=—+— --(5
Vv =3, % ()
ow du
= — 4+ — _— 6
Vo =50 2% (6)

6. Two — Dimensional Problems:

The 3 — D problems in solid mechanics can be analyzed using FEM. In such cases
computational time increases due to more number of equations and hence analysis becomes
costlier. However, there are many situations where geometry and loading configurations permit
to reduce these 3 — D problems into 2 — D problems and accurate results can be obtained.
These 2 — D problems are formulated as

(i) plane stress (ii) plane strain and (iii) axi — symmetric problems.
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1. Plane Stress Problems:

y t y
X z
) s
!
P
B M z
o,
[ T, =0
7, =0
(a) Thin plate with in — plane loading (b) Ring press fitted on a shaft

Fig. 6: Plane stress problems

The problems involving a very small dimension in z — direction are referred as plane stress
problems. The examples of plane stress problems are a thin plate with in — plane loading (Fig.
6(a)) and a ring press fitted on a shaft (Fig. 6(b)). In this problem there is no load applied on the
surface of the plate i.e. in z — direction. Hence, the stress components in z — direction is zero.
le.o,=7,=7,=0

The stress — strain relation for this plane stress problem reduces to

o, 1 0 .
I I LN B
Tay 0 0 (—‘2“) Yoy

or {o}=[Dfe}
Also strain in z — direction is

€; :_ﬁ(gx +gy)

2. Plane Strain problem:

Problems involving a long body whose geometry and loading do not vary significantly in the
longitudinal direction (i.e. in z — direction) are referred as plain strain problems. Examples of
plane strain problems are long strip footing, long cylinder and earth dam as shown in Figs. 7 (a)
to 7(c).

In these problems, the displacement component in z — direction is zero at every cross section
and it is assumed that the displacements are the function of x and y coordinates only.

For plane strain problems, £, = y,. = 7,. =0 and the stress strain relation reduces to
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semi-infinite half space of
soil

; " b) L linder
{a) Strip footing {b}l Longieyd (c) Earth dam

Fig. 7: Plane strain problems

Oy E 1—ﬂ H 0 €x

Oy (="~ | H 1—u 0 Ey
A+ (1 =2u) -

Txy 0 0 [—1 zzﬂj 790’

or {o}=[De}
Also stress in z — direction is given by
o,=p(0,+0y)

3. Axi — Symmetric Problems:

Fig. 8: Axi-Symmetric problems

The problems involve solid of revolution (axi-symmetric solids) and subjected to axially
symmetric loading are referred as axi — symmetric problems. Examples of this probles are a
circular cylinder loaded by uniform internal or external pressure (Fig. 8(a)), a circular footing
resting on a soil mass (Fig. 8(b)), pressure vessels, rotating wheels, flywheels, etc. The
deformation being symmetrical w.r.t y — axis and stress components are independent of the

angle ‘@’ and all derivatives w.r.t ‘8’ vanish.

Therefore, the components w, 7,9, 7y6.7.4.7y9 = 0. The stress strain relation for this problem

reduces to
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o) [A-m u 2 0 Jre,

o, H (1= H 0 £,

oo | H u  (A-w 0 £
1-2

7y 0 0 0 % -

or (o}=Dle}

Prob: Derive the stress strain relations for plane stress and plane strain problems.
Plane Stress Problem: consider a thin plate subjected to in-plane loading on its edge surface
as shown in Fig. 6(a). For a plane stress problem, o, =7,, =7, =0.0. Then strain in x and y
—directions is given by

o

Syt 1)
8 =" —_ _—
Y E H E

Oy Gy
£, =—U—+— --(2
y TR (2)
2 2(1+ E
iy =2 = ( ﬂ)Txy G
G E 2(1+ )
Add Egns. (1) and (2) we get

9y
E

o o, o o Oy
g +e. =2y —yu—*+ =(1=-w)—2+0-u)—=
HE, p——p 1=+ (-~

o (o
. y _
.-(1—ﬂ)?—€x +e, —(1—/1)?)‘
O-y gx gy O-x

= +
E (-p dA-p) E
Substituting inti Eqn. (1) we get

gx 8)’ _ijzgx & H € H

_Oux

£, = +
E ’{a—ﬂ> i-n E
o, U 1
e =yl H o H .
O e T
—_—Y +L€y
(1-0) (I-p)
=€x(1_,u)+:u€x+ H yzgx_ﬂ€x+ﬂ€x+ H gy: €x + U é‘y
I—m - - - Tamm Mt
Ee key E (i)

EYE Tt T aen®

o
1+u)—~L=¢
( )E X

o
1+ w0)—
1+ ) 5

o, = = + U = £+ Ue
A+mA—p) " A+mA-pm)  1-pu?) a-u*"
Similarly, we can write

o £ ---(ii)

UE, +

Y A
E
Ty = 20+ 1) Yy (From Eqgn. (3))
E d-p __E (A-p) (i

Tx = 7/x - 7/)6
Vo204 - oaq-p®H 2 Y
Eqgns. (i) — (iii) can be written in matrix form as
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o, 1 wu 0 £,

E

Oy = uo1 0 £

(1-u?) _
Txy # 0 O [—1 'uj 790’

or {o}=[Dlie}

Also strain in z — direction is €, = —%(ax + cry)

Plane Strain Problem: For a plane strain problem, the strain in one of the principle direction
(usually in z — direction) is negligible. Therefore, £, =7, =¥,. =0.0. The strain components

are given by

o o, o,
£, =X —pu—2—u-= —(1
2= TH TR (1)
o, 0O, o
E. =— _X+__ —_Z ___2
y TTH TR (2)
o oy, o
e =0=—pu—=-pu—+-—-= --(3
z Mo —H— 3)
Tx 21+ E
7/xy = v = wrz-xy ___(4) G =
G E 2(1+ w)
Add Egns. (1), (2) & (3) we get
o Oy o o, O, o Oy, o
e+, +0=—"*-py—-pu—=*-pu—=+——pyu—=-pyu—>-yu—+—=
Y E Y E Y ETYETE TP E T E T E TR
_1=2w (1-2u)
ExteE, = E o,+ B (o,+0,)
‘ (O'y+0'z): £, N £, o, )
" E (1-2u) (1-2u4) E

Eqgn. (1) can be re-written as

o, Gy+GZ
E =—— [
YE ﬂ( E

A O-x + O-y . ig- .
After substitution for —z from Eqgn. (5) and simplification, we get

= E(l—w) £+ Eu e,
I+ (A =2u) I+ A =2p)
Similarly we can write
o, = En £+ Ed=p) £,
1+ ) =2p) I+ )1 =2p)
Eqn. (4) can be written as
E E 1-2u)
’Z' = = X
O 20k T (e p-2p 2 P

(i)

--~(ii)

(i)

Eqgns. (i) — (iii) can be written in matrix form as
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Oy 1_/1 M 0 &y
E
o Y7 7 0 £,

T A+ -2 _

or {o}=[Dlie}

Also stress in z — direction is derived as

o Oy, o
€, =O=—,a?x—,u?y+?z=—ﬂ(dx+ay)+dz

o, =U0, + O'y)

7. Basic Principle of solid Mechanics:

The principle of virtual work and principle of minimum potential energy methods are more
powerful and widely used approaches in the formulation of element equations and its structural
properties.

1. Principle of virtual work:

A force ‘P is said to do work if it give rise to a displacement ‘r. Then work (W = p*r) is the
product of force and the corresponding displacement. When the force ‘P and displacement ‘7
are unrelated by ‘cause — effect relation’, the work W = P*ris called virtual work. Hence the
virtual may be caused by true forces moving through imaginary displacement or vice — versa.
Therefore, the principle of virtual work can be divided into two parts namely: (1) The principle of
virtual displacement and (2) The principle of virtual forces.

The principle of virtual displacement is based on the virtual work done by the true forces
moving through the virtual displacement. This principle establishes the condition of equilibrium
and is used in the displacement models of the FEM. On the other hand, the principle of virtual
forces based on the virtual work done by the virtual forces in moving through the true
displacements. This principle establishes the compatibility conditions and it is used in
equilibrium models of FEM.

Principle of virtual displacement:

Fig. 9: Two — dimensional body

Consider a 2 — D body as shown in Fig. 9. The equilibrium conditions to be satisfied by the
stresses within the body and on the boundary (surface) are as follows:

eks

an n Xy +fx ~0

ox dy (@)
a7, do,

+—+f, =

ox dy Y
and
o+t ,m=T, b
Tylto,m=T, —(0)
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Multiplying the equilibrium equation (a) by virtual displacements du and v respectively and
integrating over area of the solid, we get

[ 00, arxy & 81’ 80‘ s beav = 0
+— 4 Hl—+—L+ =
J:&[_ ox dy I ox ady Ty w

[;[ aaix +%§\zjdxdy + g[aar;y S+ a;;y @}dxdy + jAj (f. 8+ £, 8 Jdxdy = 0—-(c)

Part-1 Part-2 Part-3
Part wise integration of individual terms of the above Eqn. (c) is as follows:
Part-1:

I '[ [ — &jdxdy ja oudy + o, 6vdx — H( a&t +0 aaﬂjdxdy
X y
ddu ooV
= |o,loudS +o ,movdS — |||o,—+0O dxd
! X ym [{[( X ox y ay J Y
Note: i
: dy *1 =Projection of dS on x - plane
dy dS; Area of surface dy =dS *Cos0, =1dS
dx - dx = mdS
Similarly,
imilarly dz = ndS
Part-2:

“’[ 5 xy &;dedy [7ymoudS +7,,160dS - H( N a&t xy%jdxdy

ddu dov
= ! Tyymou + rxylé‘v)dS - J;{[(rxy o +7, gjdxdy

Part-3: It remain as it is.
Substitute into Eqn. (c) and rearranging we get,

_”{ L (8&4 B&Hd dy+j 01+ ym)diu + (7,0 + 0, m)ols

% dy dy  Ox
+[[(reau+ fy§v)dxdy =0
A

Substitute from Eqn. (b) into 2" part of the above equation, we get

dov odu  Jdov
_”{ Oy oy +Txy( PR + » dedy+£[Tx5u+Ty&z]dS+_g(fx&¢+fyé‘v)dxdy:0

-=(d)
(a) Virtual work done by internal forces:
In the following, it can be shown that the first part of Eqn. (d) represents the virtual work done
by the internal forces.
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ou + aa;fu dx
y ou X
-l--’-l
Ox dy —t

dx

Consider a element dxdy of unit thickness subjected to stress o, only as shown in Fig. Let a

virtual displacement ‘du’ be given to the element, then the internal virtual work done by the
stress o, is given by

Internal virtual work = o, (dy * 1)[& + aaﬂdx} -0, (dy*)ou=o0, aaﬁdxdy
x X

If we extend the above concept for the stresses o, & 7,, also, we can say that the 1% term in
L.H.S of Eqn. (d) is the virtual work done by the internal forces.

Therefore, SU = H{ax 0 5 IV, fxy[a&t + a&)ﬂdxdy
A

o
ox Yy dy  dx
Further, from the above Fig. the virtual strain is given by
ou + ddu dx — ou
O, = dx _ 9o
* dx ox

Extending this for 2 — D problem and substitute into the above equation we get,
oU = ” [O'x O, + 0,06, +T,,0\y ]dxdy

A
If we extend the concept for 3 — D problem, the above equation becomes as

U =|[ |08, + 0,88, + 0,88, + 7,64y +7,.07y, +T0x 7, Hxdy
A
In matrix form, oU = ”I{&‘}T{G}dv —(e)
v

Where, {0} = {dsx S, O, Oy, Oy, 57@}
{0'} = {Gx Oy O; froy Tyz T
Eqgn. (e) is the virtual work done by internal forces.

(b) Virtual work done by external forces:

The 2™ and 3 terms in L.H.S of Eqn. (d) represents the virtual work done by the external
forces.

Therefore,

W, = [[(f b+ f8axdy + [[1,80+ 7,6 }as
A S

For 3 — D problem, the above equation can be written as
W, = [[[(r.c+ £, + f.0wkindydz + [[ [T Gu+ T, &+ T.owlis
v s

In matrix form,

oW, = [[[{adf {r}av + [[{ad" {r}as ~~(f)

where, {ou} ={ou & ow}; {f}z{fx fy fZ}T and {T}z{Tx T, TZ}T
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Eqgn. (f) is the virtual work done by external forces. Thus, from Eqgns. (d), (e) and (f) we can
write

—-oU+W, =0 or 8U = oW, ---(9)

(c) Principle of virtual work: From Eqn. (g), the principle of virtual work can be stated as “ for
equilibrium to exist the total internal virtual work done is equal to the total external virtual work
done”.

2. Principle of Minimum Potential energy:

The principle of minimum potential energy states that “for conservative system of all the
kinematically admissible displacement fields, those corresponding to equilibrium extremize the
total potential energy. If the extremum condition is a minimum, the equilibrium state is stable’.
According to the principle of minimum potential energy for the system to be stable, the
derivative of total potential energy w.r.t displacement ‘v’ should be zero.

Note: Kinematically admissible displacement fields are those, which satisfy compatibility and
the boundary conditions.

For a structure or deformable body, the total potential energy is the sum of the strain energy
due to internal forces (i.e. due to stresses) and potential energy due to external forces (i.e. due
to loads). Therefore,

7=U+ Wp
where, U =strain energy and W, = potential energy due to external forces or work potential.
(a) Strain energy (U ):

5 I
Y dz : o, Uo = Eo-xgx
e —— 5,
dy demmmmemmeeedeeee
,// dx /
X ‘Cx
N Fig. 10 (a): Elemental volume Fig. 10(b): stress vs strain

Consider an elemental volume dx, dy and dz subjected to stress ‘c,’ only as shown in Fig.
10(a). Let ‘&€, ’ be the strain due to this stress. Then the stress strain diagram is as shown in fig.
10(b).
Let U, be the strain energy density (i.e. strain energy per unit volume). Then,

1 . o -
U,=—o0,€, ie. area of shaded portion in stress strain diagram.
Extending the above expression for a 3 — D stress system, we get

1
Uu,= E[axex +O0,E,+O0E +T, Y, +T. 7, + sz%c]
Or in matrix form,

Ly r
U, = 1o} e} (@)

T

where, {o} = [o*x o, O, T, T, sz] and {e}=1{e, &, € ¥y Ve Vul

The Eqn. (a) represents the strain energy per unit volume. The strain energy for the entire body
is obtained by integrating the above equation over volume.
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0= f[usav - It elav —(b)

(b) Potential energy due to external forces or work potential (W, ):
The potential energy due to external forces (i.e. due to body & surface forces) is given by

w, =—J.J-J.[fxu+fyv+fzw]dV—J.J-[Txu+Tyv+Tzw]dS
14 N

where, u, v & w are the displacement components in x, y & z directions respectively. The above
equation can be written in matrix form as

W, ==[[[tu} {r}av - [[fu}' {r}as

If the body is also subjected to concentrated load at point ‘i’, then the above equation becomes
as

W, ==[[[{uf {rlav - [[{u} {r}as - > {u;} {P} ()

where, {;}" ={u; v,

1

Wi} is the displacement components corresponding to point ‘i’ where

concentrated load ‘ P’ is acting.
(c) Total potential energy (7 ):

The total potential energy is given by 7 =U +W,
Substituting from Eqgns. (b) and (c) we get

w= 3 ¥ teav = ([ v~ [ rdas - S )

Problems:

Prob. 1:For the rod shown in figure strain at any point x is given by €, =1+ 2x2. Find the tip
displacement ¢ . (VTU, Jan 2008)

Solutions: Strain of the rod in x — direction is given by

0
£, = =1+42x°
ox
Integrate the above equation once; we get the deformation at any point along the rod.
3

u :x+2%+C —(a)

where C is integration constant that can be determined using the following boundary condition:
i.e. at x=0,u =0. Substitute into Eqgn. (a), we get

.'.O:0+§*O+C orC=0

= x+§x3 ——(b)
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Eqgn. (b) represents the displacement field at any point of rod along its length. Hence, tip
displacement ¢ is obtained by substituting x = L (i.e. ”|x=L =) into Eqn.(b).

no=L+ §L3 is the tip displacement.

Prob. 2: In a plane strain problem, o, =20Mpa,o, =—-10Mpa, Young’s modulus = 200 Gpa

and poisson’s ratio = 0.3. Determine the value of stress o, .

Solution: The strain of a 3D component in z-direction is expressed as

9,0
E E

For a plain strain problem, the strain in z-direction is zero (i.e. £, =0). Substitute into above

equation and modify, we get

o

FZ = %(o*x + ay) Oro,=u(o, + cry) =0.3(20-10) =3Mpa

o
£ =—l—*—
z 'uE

Prob.3: Explain the theorem of minimum potential energy and derive an expression for total
potential energy for a 1 — dimensional bar subjected to an axial force.

(VTU, July 2002)
Solutions:
(a) Define principle of potential energy.
(b) To derive an expression for total potential energy (7 ):

Consider a 1 — D bar subjected to an external load P as shown in Fig. (a). The stress strain
diagram is as shown in Fig. (b).

=—0,€E

o XX
2

(b)

Let A= C/s area of the bar
E= Young’s modulus
u= Deformation of bar at free end

o, = Stress due to load P
£, = Strain due to stress
(i) Strain energy (U ):

Let U, be the strain energy density of a bar. Then U, :%crxgx, area of shaded portion in

stress strain diagram.

The total strain energy of entire bar is obtained by integrating the above equation over volume
of bar.

U= lJ'O'x,‘sxdv ---(a)
2y
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But for a bar o, = E€, and strain £, = Chc?nfge inlength _ (I=w) =l __u _u
Original length [ [ 1

Disregard — ve sign that representing compressive strain.

SO, = E% Substitute for o, and &, into Egn. (a) we get

[ 2
U= le”—Adx for a bar dV = Adx
292
0
2 2
U=AEY ol —ap !« = LAE 2
22 10 212 2 1
U =1 ku? ---(b)
2

where, K = % , stiffness of bar

(ii) Work potential (Wp ):

As there is no body and surface forces acting on the bar, the work potential is only due to axial
force and is give by

W, =—Pu ---(c)

(iii) Total potential energy (7 ):
The total P.Eis 7 =U +W, . Substitute for Uand W, we get

1 . . .
T= EKMZ — Pu is the expression for total potential energy for 1 — D bar.

Prob.4: A rectangular bar is subjected to an axial load P as shown in Fig. Derive an expression
for potential energy and hence determine the extreme value of the potential energy for the
following data. (VTU, Feb.2002)

Modulus of elasticity, E = 200 Gpa

Load, P =3 KN %
Length of bar, | = 100 mm

Width of bar, b = 20 mm t
Thickness of bar, t = 10 mm t /
Also state its equilibrium stability. *

Solution: P
(a) To derive an expression for total P.E:

. . 1 .
Derive an expression 7 = EKMZ — Pu same as previous problem. ---(a)
(b) To determine extreme value of P.E:

or
For extreme value of 75,8— =0

u
Therefore, differentiate Eqn. (a) w.r.t u, we get
Ku-P=0
P
SU=— —(b
e (b)

AE _t*b*E _10%20%200%10°
! 100

=4%10° N/ mm cA=t*h

where K =
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[E = 200 Gpa=200*10° Mpa or N/mm’]
Substitute the values of P and Kinto Eqn. (b), we get the extreme value of u.

P 3%10°
u=—-=

K 4%10°
Substitute for the above equation, we get the extreme value of P.E as

2
75:%4><105 #(7.5%1073 ] —3x10% #7.5x1073

=7.5%x10 > mm

7.=-11.25 N-mm

(c) Equilibrium stability:

If internal force Ku is equal to external force, the bar is under equilibrium.
Here, Ku =4x10°%7.5x107° =3x10°N = P

Therefore system is under equilibrium.

8. Continuum Methods

The best way to solve any simple physical problems governed by the differential equations is to
obtain the analytical solutions. There are many situations for complex problems, the analytical
solution is difficult to obtain. In such cases, some numerical or approximate methods known as
continuum methods are used to obtain an approximate solution. The commonly used
continuum methods are:
1. Rayleigh-Ritz method

2. Galerkin method and 3. Variational method

In continuum methods, the solution of a domain or
body or structure is obtained by subdividing the
domain into infinitesimal number of points. The
differential equations governing the behavior of a
typical infinitesimal domain are given along with
boundary condition and an approximate solution field
is defined over the entire domain. However, the
available mathematical techniques used in these
methods usually limit the possibility of simplification
of the problems those having complex material
property and boundary conditions.

Continuum or

body

Difference between continuum methods and FEM:

S| No Continuum Methods FEM

1 The domain is subdivided into The domain is subdivided into finite
infinitesimal number of points. number of points.

2 An approximate solution field is An approximate solution field is
defined over the entire domain defined in piecewise fashion over

subdomains called finite elements.

3 The differential equations These equations are given over a
governing the behavior of the finite element and the overall system
domain are given along with the equations are obtained through
boundary conditions over entire assembly. The boundary conditions
domain. are applied for this overall equation.

4 The available mathematical FEM simplifying the problems of
techniques used in these methods complex material property and
usually limit the possibility of boundary conditions.
simplification of the problems those
having complex material property
and boundary conditions.

5 Solutions to complex geometry Complex geometries are subdivided
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cannot be obtained, only for simple into finite number of simple shaped
shaped geometries the solutions geometries and hence solutions can
can be obtained. be obtained.

6 Principle of minimum potential These principles are applied to each
energy or the principle of virtual of the elements to ensure stable
work are applied to whole domain equilibrium of each elements.
to ensure stable equilibrium of the
overall domain.

7 Solutions are obtained for whole Solutions obtained are element wise.
domain The elemental solutions are then

assembled to get overall solutions.

8 It is difficult to handle both material Techniques are available to convert
and geometric non-linearities. non-linearities into linearity.

Rayleigh-Ritz method:

It is an approximate numerical technique in which the total potential energy 7 is used to obtain
approximate solution of the continuum. This method involves the construction of an assumed
displacement field, say

u :Zaiqﬁi(x,y,z) i=1tol
v=2aj¢j(x,y,z) j=l+1tom ---(a)
w=2ak¢k(x,y,z) k=m+1ton

The functions ¢,,¢;,4; are usually taken as polynomials. a;,a ;,a, are constants which are to

be determined. The displacement fields u,v,w must satisfy specified boundary conditions.
The total potential energy of a 3D structure is expressed as

7= [l elav = I (hav = [ ks =Tl (e}~

Now introducing stress-strain and strain-displacement relations and substitution of Eqn. (a) into
above Eqn. (b) yields the total potential energy as a functions of constants a’s.

i.e. T=7(a;,a,...... ,a,)

0
Then, the extremum of 7 w.r.t a; (i =1 to r) yields the set of r equilibrium equations. 8_7[ =0

a;

(i=1.2,...r)

The following steps are used to obtain the solution of a problem in Rayleigh-Ritze method:
1. Formulate potential energy functional for a given continuum (body).
2. Assume a trial displacement function for the given continuum. The function assumed should
satisfy the boundary conditions.
3. Substitute the displacement function into potential energy functional.
4. Minimize the potential energy functional so as to get the equilibrium conditions.
5. Determine the unknown displacements and hence the stresses and strains.

Prob. 1: Use Rayleigh-Ritz method to find the displacement and stress at the mid point of the
rod shown in Fig. The area of cross section of the bar is 400 mm? and the modulus of elasticity
of the material is 70 Gpa. Assume the displacement to be second degree polynomial.

(VTU Feb. 2002)
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&N /
- -————«-;-——-- . ——— - —7#— - —3
1,u1 zx
[/
- 4
L 0?0'1‘h'm i e Ko mm .|
L Ladl Bl -
x=0 x =40mm

Solution: Let point 1 be the point of application of load or force (here mid-point of the bar) and
u; be the corresponding displacement. Then, the displacement and stress at mid point of bar
can be obtained using the following steps.

Steps:

1. Formulation of potential energy functional: The total potential energy of the bar is given by
n=S.E+WP

The strain energy of the bar is expressed as (see note)

AE ((ou )} 400x70x10° ((au)’ Cau)
sE=AE[[ou dx:LJ‘—u dx:14x1o6f(lj dc N—mm.
2 ox 2 ox ox
0 0

Since the bar is subjected to only point load, the work potential is expressed as,
WP = —Pu, =—-8x10%u; N —mm
Substituting into 7z, we get

40 2

7r=14x106j(a—uj dx—8x10%u, —-(a)
ox

2. Assumption of trial displacement function: Assume a 2™ degree displacement function

u=ay;+a,x+ a3x2 ---(b)

The above function should satisfy the following boundary conditions.

At x=0, u=0 and at x=40mm, u=0. Substitute 1°' B.C into Eqn.(b), we get

0=a,+0+0 soa; =0

Similarly, substitution of 2" B.C into Eqgn. (b) yields,

0=0+a,x40+a;x40%  or ay =—40a;

Substitute a; and a into Eqn. (b), we get

u=—-40a5x + a3x2 =aj (x% —40x) ---(c)
3. Substitution of the displacement function into potential energy functional:
40
o [() 3
we have, 7 =14x10 = dx —8x107u,
X

Differentiate Eqgn. (c) w.r.t x, we get 3—” =az;(2x—-40).
X

Substitute x=20 mm into Eqn. (c), we get the displacement at midpoint as
U = a3(202 —40%*20) = —400a5 . Substitute into 7z, we get

40 40
7 =14x10° Ia§<2x—40)2dx—8x103(—400a3) =14x10%43 I(4x2 +1600 —80x)dx +32x10° a3
0 0
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40
3 2
T= 14x106a32[4%+402x—4x40%] +32x10° ay
0

402

3
40 j+32x105a3
2

7r=14><106a32(4*7+402 *40—4%40%

7 =298666.7x10° a3 +32x10° as —-(d)
4. Minimize the potential energy functional: Since the potential energy functional (Eqn. (d)) is a
function of aj (i.e. 7 =7x(a3)) only, the minimization of potential energy yields

or
as

= 0. Therefore, differentiate Eqn. (d) w.r.t a; we get

32%10°
2%298666.7 *10°
5. Determine unknown displacement and stress:

(a) Displacement: Substitute into Egn. (c), we get an expression for the displacement along the
bar

2%298666.7x10°a; +32x10° =0 Or a3 = — =-5.36%107°

u=-536%10"%(x> —40x) (e
Substitute x = 20mm into the above equation we get the displacement at mid point.
Therefore, displacement at midpoint,
Uy = Uempgm =—5.36¥107°(20> —40*20) = 2.144*10 ™ mm
(b) Stress: Stress is given by o, = E€, = Eg—u
X

Differentiate Eqn. (e) and substitute we get an expression for stress along the bar

o =E(-5.36 #1070 (2x—40)) = —70*10% *5.36%107° (2x—40)

Then, stressat x=0is 0,_y =—-70%107 *5.36(2*0—40) =15 N / mm? (tensile)
stress mid point is & ,_yg,,, = —70%5.36%107° (2% 20— 40) = ON / mm*

stress at x =2 is &, _40,,y, = —70%107° *5.36(2*40 —40) = —15 N / mm> (compressive)

Prob. 2: A steel rod is attached to a rigid wall at each ends and ‘/

is subjected to a distributed load T(x)and a body force : | E = 1 unit
f (force/unit volume) as shown in Fig. Determine the ; ¢ lT | T(x) = 1 unit
displacement at midpoint of the rod using Rayleigh-Ritz (X) £ =1 unit
method. Assume a second degree polynomial to the i ¢ [ =2 units
displacement field. ; A =1 unit

7T
Solution: Rod is subjected to body force and surface force only. Y

Surface force = distributed load 7', = T'(x) =1 Force/unit length
Body force = f, = f =1 Force/unit volume

1. Formulation of potential energy functional: The total potential energy of the bar is given by
n=S.E+WP
The strain energy of the bar is expressed as

! 2 2 2

k

SE:E a_u dx:u a_u dx N—-—mm '.'A:E:lez
2 ox 2 ox

0 0
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Since the bar is subjected to body force and surface force only, the work potential is expressed
as,

WP =- (WP|B()dy Force + WP| Surface Force )
l l 2 2 2

WP = —j S uAdx — ijudx = —jl 1% udx — J‘I *udx = —ZJ‘udx
0 0 0 0 0
v fof =BT =T =1LA=1

Substituting into 7, we get

Lp(ou Y

u

=— | = -2

V4 ZI(axj dx Iudx (a)
0

0

Note: In general work potential due to body and surface forces are expressed as

— T _ T
wp body Force ~— _Iu de and WP| Surface Force — _Iu rds
14 S
where ul ={u v w}; f= {fx fy fZ}T;T ={Tx T, TZ}T For 3D problem
ul ={u v};f:{ . fy}T;T:{Tx Ty}T For 2D problem
ul =fu}; F={r.r=r.} For 1D problem

and dV =Adx for 1D bar and dS =dx if surface force is UDL or force/unit length.
Therefore, we get the WP due to body and surface force components for 1D bar as

l

l
WP body Force = —I fuAdx and WP Surface Force = —I T udx
0 0

2. Assumption of trial displacement function: Assume a 2™ degree displacement function
Uu=aq +a2x+a3x2 _"(b)
The above function should satisfy the following boundary conditions.

At x=0, u=0 and at x=2, u=0. Substitute 1*' B.C into Egn.(b), we get
0=a1+0+0 .'.611:0

Similarly, substitution of 2" B.C into Eqgn. (b) yields,

0=0+2a, +2%a; or a, =—2as

Substitute a; and ay into Eqn. (b), we get

Substitute a; and az into Egn. (b), we get

u=as (x* =2x) --(c)

3. Substitution of the displacement function into potential energy functional:
Differentiate Egn. (c) w.r.t x we get

3—“ = a3(2x =2) = 2a5(x—1) . Substitute 3—“ and v into Eqgn. (a), we get

X X
2 2 | 2 2

z :%Iz@(x—l)zdx—zj%(xz —2x)dx =§j4a32(x2 +1—2x)dx—2ja3(x2 —2x)dx
0 0 0 0

52



FEM Dr. T.N

2 2 3 2 2 3 2 2
T= 2a§j(x2 +1=2x)dx — 2a3j(x2 —2x)dx = 2a32(%+x— 2%] —Za{%— 2%}
0 0 0 0

3 3
7 =243 (2? +2- 22} —2aj (2? - ZZJ =1.333a3 +2.667a; ---(d)

4. Minimize the potential energy functional: Since the potential energy functional (Eqn. (d)) is a

function of a; (i.e. 7 =7(as)) only, the minimization of potential energy yields aa—ﬂ:O.
as
£ 2%1333a,4+2.667=0  Oras =-—20T __
2%1.333

5. Determine unknown displacement and stress:
(a) Displacement: Substitute a into Eqn. (c), we get an expression for the displacement along
the bar
u=—1%(x*=2x)=2x—x> ---(e)
Substitute x = lunit into the above equation we get the displacement at mid point.
Therefore, displacement at midpoint, u, =2*1—1= lunit
Ju

(b) Stress: Stress is given by o, = E€, = Ea—
X

Differentiate Eqn. (e) and substitute we get an expression for stress along the bar
o=EQ2-2x)

Then, stressat x=0is o,_y =2-2%0=2unit
stress mid pointis o ,_; =2—2*1 = Qunit
stressat x=2is 0,_, =2—-2%2 =2unit
Prob. 3:Use Rayleigh-Ritz method to find the displacement of the midpoint of the rod shown in

Fig. Body force per unit volume = 1. Use second degree polynomial approximation for
displacement. (VTU Jan 08)

E=1A=1
Solution: Here, the rod is subjected to body force only.
L L L : 7 A= X
WP=—Ajfxudx=—Ajbudx=—Iudx v A=b=1 41
0 0 0 L
L ’ L
= lj(%j dx — J-udx ---(a)
2J ox
0 0
u =a1 +a2.x+a3x2 -“(b)
Boundary conditionsare,at x = 0,4 = 0 andatx=L,u=0
Hence, we get a; =0 and a, =—Lajy SU=ay (x2 — Lx) ---(C)

Differentiate Eqn. (c) w.r.t x and substitute into Eqgn. (a) we get

L L
3 3 3 3
7'!'2%613?‘[(4)(2 + 17 —4Lx)dx—ja3(x2 —Lx)dx=%a§(4L +1% - 4L ]—a3(L——L—]
0

3 2 3 2
0
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3 3
7= %a32 +a3 ---(d). Minimizing Eqn. (d), we get
2 3
il 3 +L— =0 Or a3 =—0.5. Substitute into Eqn. (c), we get

aa3 6 6

u=05Lx—x*)  Then, U,_ L,Z—OS(L*é—LTJ 0.12517

Prob. 4: A bar of length ‘L’ is subjected to a body force as shown in Fig. If the density of
material of the bar is 0.1 kg/m°, find the displacements, stresses and strains at the midpoint and
free end of the bar.

Solution:
Body force, f, = f = pg =0.1¥9.81= 0.981N/m>

E =200%10° Pa or N / m> I

A =100m>
E =200Gpa
f

Steps:

ou
1. :— —-A
V4 5 [axjd I(pg)udx
0

~—

X

L
_100%200%10° J‘(au

2

L 2
j dx — 100J.0 981*udx—1013f(3lj dx—loofo.981*udx
X X

(e}
(e}

2. Assume u =a; +a,x+ a3x2 ---(b)

Boundary condition, at x=0,u =0 ..aq; =0 SU=ayX+ a3x2 ---(c)

0 .
3. Differentiate Eqgn. (c) w.r.t x, we get a—u = a, + 2a;x . Substitute into Eqn. (a), we get
X

m= 1013j(a2 +2a3x) % dx —98.1I (ayx+azx”)dx

r=10" j (a3 +4a3x* +4aya;x)dx —98.1 j (ayx +asx?)dx

3 2 2 3
T = 1013(a5L+4a32 L?+4a2a3 L2 J 98. l(az %+ as lé ] ---(d)
4. Since 7 = 7(a,,az), minimization of Eqn. (d) yields
2 2
.05L .

97 10" 20, L +4a; = | 081 £ | =0 Or 2a, +2a5L=20L

as 2 2 1013

3 2 3

9 1080, L a0, L | os [ B =0 or2ay+dain="21L

as 3 2 3 3 3#10"

Solve Eqgns. (i) and (ii), i.e. subtract Eqn. (i) from (ii), we get
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(g - 2ja3L = (? - 49.05]L13 Or a; =-24.525%10""%m . Substitute into Eqn. (i), we get
10

a, =49.05%107° L

5. Substitute a, and a; into Eqn. (c), we get u = 49.05*10‘13(Lx—0.5x2)m —-(e)
Displacements:

: o s L r -13 42
Displacement at midpoint (at x=L/2), u,_; ,, =49.05*10 ?—0.57 =18.394*10 "L

Displacement at free end (i.e. at x=L), u,_; =49.05%107"3 (L2 —0.512 ): 24.525%107 3 2

Strains: we know that, strain € = g—“ =49.05%1073(L-2%0.5x)
X

Strain at midpoint, £,_;,, =49.05* 10_13(L —%) =49.05%107" *%

Strain at free end, £,_; =49.05%107*(L—L)=0
Stresses: We know that, stress o = E¢

13, L
Stresses at midpoint and free end are, o _; ;» = 200%10° *49.05%107" *E and o._; =0

Prob. 5: For the system shown in Fig., the distributed load varies linearly, determine the
displacements and stresses at midpoint and free end of the rod. Take, A=E=C=1 unit.

T(x)=Cx
s x
£=0 x = lunit
Hints: The rod is subjected surface force only and 7'(x) = Cx = x ~C=1

1 2 1
1(0 . .
= —I(—uj dx —J-xudx. Proceed similar to the previous problem to show, u =a,x + a3x2

“2Jox
0 0

and
1 1

1 1
= %I(az + 2a3x)2dx - Ix(azx + a3x2)dx = %I(a% + 4a3zx2 +4ayazx)dx — I(azxz + a3x3 )dx
0 0 0 0

Proceed to determine a, and aj

55



